Chapter 4
The masses of the Nuclei
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1- Experimental facts

1.1- Stable nuclei

(Z,N) chart of stable odd-A nuclei

 There is only one isobar for
each value of A

* The line passing trough the
average position of the dots
on the (Z,N) plane is called
the line of stability
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* Bombarding the stable nuclei
with nuclear projectile

leads to the creation of
artificial radio-isotope.

* The more these new nuclides
are far from the line of
stability, the shortest lifetime

= Valley of Stability
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The valley of sta lky>
el with excess  the neu (V)

e nucleons move . the valley is poor
- down the glljley understood - scientis 6
X Doy, towards stability - aren't sure where
NN dripline lies

V- Masses of the nuclei



Key Observations

Stable nuclei are the nuclei which do not decay. Some long lived nuclei do not

decay by the strong interaction, although they may transform by B and a
emission (weak or electromagnetic) with long lifetime.

80 known elements have at least one stable element.

From hydrogen (Z=1) to lead (Z=82) with the exception of Tc (Z=43) and Pr
(Z=59). (peculiar case of ?%°Bi, Z=83)

94 elements are found on earth, up to Plutonium (Z=94).

There are 269 stables nuclei, and 339 isotopes found on earth
(list on http://www.don-lindsay-archive.org/creation/isotope_list.html)

16 elements have a single isotope, on the other hand tin (Z=50) has 10
stable isotopes
Amongst the stable nuclei:

— 158 have both Z and N even (even-even nuclei)

— 107 have either Z or N even (odd-A nuclei)

— 4 have both Z and N odd (odd-odd nuclei)
2H' 6Li’ IOB’ 14N
- Most odd-odd nuclei are highly unstable.

There is only one stable isobar for each odd value of A

Tend to have N=Z for light nuclei. Heavier nuclei have N>Z
—->N/Z ~ 1.5 for the heaviest stable nuclei

Some values of Z and N exhibit larger number of isotopes and isotones.



1.2- Binding energies

Definition: m(4X)c? = Zm,c® + Nm,c? — B(A, 7)

v" B/A = constant = 8 MeV/nucleon
for A>20 nuclei
for comparison B_/A < 3keV

v" Broad maximum around A=60
(Fe, Co, Ni), B/A=8.7 MeV

v’ Light nuclei with A=4n (n integer)
show peaks (a stability)

o

56 Cus? As’® Mo®®

B/A(MeV)

IS
1
|

B/A = constant — implies that in a nucleus,

the nucleons are only attracted by 2 o i
nearby nucleons. : Binding energy/Nucleon

forlthle stlablle r)uclleil

Average binding energy per

= Nuclear force is short range and

saturated (Saturated means each % 20 40 60 80 100 120 140 160 180 200 220 240
nucleus interacts with a limited pumberatnucieons i nociess, 4 A
number of neighbors; not with all

nucleons)
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1.3- Nuclear density

Using the Fermi parameterization:

0 o
olr) = —20 = -
1 4el™a 28 sl ~
Description of the nucleus as a % 2 Lk e” scattering data |
sphere with a uniform interior g 8 Lol
density which drops to zero at %%’,
the surface o x K% y
. 1A m !
For all nuclei 100 | \ |
* R=ry, A2 withry;=1.2 fm 075
* Central density almost 0.50
identical for all nuclei. 025
—> again consistent with short-

7 8 9 10

range saturated forces Radial distance [fm]

= c.f. a droplet of liquid

V- Masses of the nuclei 9



2- Liquid Drop Model

Liquid drop

e Short range of the
intermolecular forces

* Density independent of
the drop size

* Heat required to
evaporate fixed mass
independent of the
drop size

V- Masses of the nuclei 10



Basic hypothesis of the model:

* The nuclear force has a short range (~1 fm) and can be
assimilated as a contact interaction

* Because of a short range repulsion (hard core component of
the nuclear interaction), the nucleus is made of
incompressible matter.

— Drop of incompressible nuclear fluid

Other assumption:
* Spherical nucleus



Semi-Empiric Mass Formula

(Sometimes also called Weizsacker's formula)

Formula used to approximate the mass and various other properties of an
atomic nucleus. As the name suggests, it is partially based on theory and
partly on empirical measurements.

The theory is based on the liquid drop model, and can account for most of
the terms in the formula, and gives a rough estimates for the values of the
coefficients. It was first formulated in 1935 by German physicist Carl von
Weizsacker, and although refinements have been made to the coefficients
over the years, the form of the formula remains the same today.

B(A, Z) = uy A—u A3 —u Lo —up NZEY +

) \
i i

Liquid drop part Nuclear specific
terms
U,,u.,u_,ur and & are parameters in principle independent of A and Z,

whose numerical value should be adjusted to accurately reproduce the
experimental nuclear masses.
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2.1- Volume term

Bvol — UUA

The basis form this term is the strong nuclear force affecting both
neutrons and protons.

Increases B and reduces mass by a constant amount per nucleon.

The volume term is proportional to the number of nucleons:
— Charge independence of the strong nuclear force.
— Short range and saturated force.

— B/A = Constant instead of B/A = A for long range interactions.

* The value of the u, parameter can be estimated in the Fermi gaz
model (nucleus treated as a Fermi ball of A nucleon):
u,=17 MeV

The best fitted value (least squares fit to experimental values) is
u,=15.8 MeV



2.2 Surface term
Bsurf — _USAQ/S

This term is also based on the strong nuclear force, and is a correction to
the volume term and reduces B.

The volume term suggest that each nucleon interacts with a constant
number of nucleons, independent of A. While this is very nearly true for
nucleons deep within the nucleus, the nucleons on the surface of the
nucleus have fewer nearest neighbors, justifying this correction. This can
also be thought of as a surface tension term, and indeed a similar
mechanism creates surface tension in liquids.

If the volume of the nucleus is proportional to A, then the radius should be
proportional to A3 and the surface area to A%/3
9 Bsurf oc A2/3.

u, should have a similar order of magnitude as u,.

The best fitted value (least squares fit to experimental values) is
u,=18.3 MeV



2.3 Coulomb term

72
Bcoul — —U¢ A1/3

Coulomb or electrostatic term reducing B.

The basis for this term is the electrostatic repulsion between protons. To a
very rough approximation, the nucleus can be considered a sphere of
uniform charge density. The potential energy of such a charge distribution
(radius R) can be shown to be :

3 Z%2ahce
L. = 5 R

Since R=r,Al/3, the value of the coulomb term is:

B _ 3ahe _Z* hence ¢ = 22¢ — ()79 MeV
coul — 5ro AL/3 ¢ 510

Rigorously, the proton charge does not interact with itself
- replace 7% with Z(Z-1) because of the discrete nuclear charge. Very

small effect

The best fitted value (least squares fit to experimental values) is
u.=0.714 MeV

V- Masses of the nuclei 15



At this point, we have implemented a basic liquid drop model:

B(A,Z) = u,A—u A3 Z

—Uc Al/3
It does not account for two of the experimental observations:

1. N=Z
2. Nucleons tend to pair

V- Masses of the nuclei
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2.4- Asymmetry term

Due to the Pauli exclusion principle
Since p and n are confined in the nuclear volume, their energies are discrete

2 fermions can not occupy exactly the same quantum state > as more
particles are "added", these particles must occupy higher energy levels,
increasing the total energy of the nucleus (and decreasing the binding energy).

Protons and neutrons occupy different quantum states. If there are
significantly more neutrons than protonsin a

nucleus, some of the neutrons will be higher _

in energy than the available states for the A=16

protons. Lower energy Higher energy
- Moving some particles from the neutron

side to the proton side (in other words o0

changing some neutrons into protons)
would significantly decrease the energy.

The imbalance between the number of o0
protons and neutrons causes the energy o0
to be higher than it needs to be, for a given o0
number of nucleons. This is the basis for the Protons  Neutrons Protons  Neutrons

asymmetry term. IN-Z|=0 IN-Z|= 4

V- Masses of the nuclei 17



_ ., (N-Z)
Basym — —ur a

* This effect is not based on any of the fundamental forces
(gravitational, electromagnetic, etc.), only the Pauli exclusion
principle.

 Asymmetry term can be derived from Fermi gas model (see
next chapter):
— the form of the asymmetry term is (N-Z)?/A or (A-2Z)°/A
— The value of the u;parameter is E./3
* The best fitted value (least squares fit to experimental values)
IS
ur=23.2 MeV



2.5- Pairing tferm

/ .
+0 even-even nuclel

Bpair = { 0 odd-A nuclei with § = §(A) = u, A—1/2
—0 odd-odd nuclei

\

* Pairing interaction energetically favors the formation of pairs
of like nucleons (pp, nn) with spins " J,and symmetric space
wavefunction.

* This term captures the effect of spin-coupling
* Form is simply empirical

* The best fitted value (least squares fit to experimental values)

IS
u, =12 MeV

V- Masses of the nuclei 19



Separation energy of the last neutron in the isotopes of . .Ba

V- Masses of the nuclei

20



The semi-empiric mass formula

16

14

ro

2
_ 2/3 Z> (N—=2)" |
B(A, Z) — UUA—USA —UCW—UT ) r5
Energie de volume
7 %
Energie de surface
&
\ A \\\% * This formula works
Energie coulombienne \ Il for th lei with A>20
N Well for the nuclei wi .
\\\\, "'I’I/7f>>>;\>>>\/\\/\\\\\\\\\\\ \;%\ * For the very light nuclei, the
Energie de e 22 agreement is poor :
liaison d.'E_m;rl%'t‘;ie v To few nucleons to allow
o a description in term of a
drop a nuclear matter
v’ predominance of shell
effects
170 55 Mn
JJS 65Cu 127] 195p¢ 246 Bk
J Jl ll l 1 d o 1 1 L 1 1
0 30 60 90 120 150 180 210 240 270
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Binding energy per nucleon as a function of A for the odd-A nuclei from A=15-259

For A>20, the precision is for the majority of cases better than 0.1 MeV

V- Masses of the nuclei 22



On the value of the parameters:

* Asthey are determined from experimental data, they can have different
values depending on the method used for the extraction.

 Example of 3 set of parameters (given in MeV).

Least square fit Wapstr m
a

u, 15.8 14.1 15.75
u, 18.3 13 17.8
u, 0.714 0.595 0.711
U; 23.2 19 23.7
u, 12 X X
Scven-even | X 33.5 11.18
Oodd-oad | X -33.5 -11.18
Seven-odd | X 0 0

* Wapstra: Atomic Masses of Nuclides, A. H. Wapstra, Springer, 1958
* Rohlf: Modern Physics from a to Z0, James William Rohlf, Wiley, 1994
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3- Applications

Valley of stability
B stability

a stability

Fission

Neutron stars

M(A,Z) = ZMC(H)+ (A—2Z)my, — upy A+ ug A%

72 (A —27)2
A1/3 + ur A — 5(A)

+Ue

V- Masses of the nuclei
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3.1- Stability Line

Let’s focus on a series of odd-A nuclei (no pairing term)

B(A,Z) = aZ?+ 3Z +

4 &:_(Al/:% _|_4uT)
with < 6 — 4UT
v = (uy —ur)A — wg A%/3

B(A,Z) is maximum at Z=2, > 8_B =0
0z A=const
—ﬁ 2uT 2A
Zo = fur — uc 22/3
20é A1/3 + EA —+ 4
Examples :

A=238, 2,=91.8 (U: Z=92) ; A=55, Z,=24.8 (Mn: Z=25)

V- Masses of the nuclei
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3.2 B stability

e [B-decay i M(A,Z) = ZM('H)+ (A~ Z)my, — u, A
2
+usA2/3+uc Z

A A — A1/3
ZX—>Z—|—1 Y—|_€ —l_Ve . (A_22)2

r—

A

— 0(A)
Qp- = M(X) - M(Y)

B decay:

* [sobaric (A constant)

 B*decay
e Zchanges by t1
‘gX _ 4 vy + et + v, *  M(A,Z) is quadratic in Z (min for Z,)

Z—1
— mass parabola
Qp+ = M(X)— M) —2m,

* Electron capture m(4,2),

e _I_gl X 21_1 A% +u, stable nuclei

QeCZM(X)_M(Y)

>/

V- Masses of the nuclei 26




m(A,7)

Examples of isobaric chains
A = constant

1stable
| 1

\
stable! "\, Fstable
1, L1 | e ) ]

48 50 52

Usually only one isotope
stable against B-decay;
maybe two.

48 50 52

Typically two even-even
nuclides stable against 3-
decay; no odd-odd ones.
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For each A, it is possible to calculate the maximum value of Z (resp. N),
where the proton (resp. neutron) separation energy is zero.

S, = B(A,Z) — B(A—1,2)
S, =B(A,Z) - B(A-1,Z 1)

These lines are called the proton drip line and the neutron drip line. They
represents the boundary for proton-rich and neutron-rich nuclei existence

Proton drip line

Stable nuclei

Known nuclei

/ ALC

L — Terra
incognita

:x/

,/4'/#7_ —

Protons

Neutron drip line
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3.3 o stability

* adecay: 4X — 472 Y +1 He

Qo = M(X)—-M(Y)—-M(*He)
= M(A,Z)— M(A—4,Z —2) — M(4,2)
= —B(AZ)+B(A—4,Z —2)+ B(4,2)

— 0B 0B
Ko =Ba—257 — 453

Qo = 28.3MeV —4u, + %A%S 4+ 4uc_Zgi:é73Z) — dup(l — %)2
* ForZ=A/2,Q,>0for A>100
* Forz=zZ, Q>0 for A>150

* For all these nuclei (even along the stability valley), a decay is
energetically possible.

* Infact Q, is modulated by the shell effects



3.4 fission stability

icci . A A A
Fission: X —3' Y +,2 W

* Expect spontaneous fission to occur if

Qr=M(X)—MY)—M(W)=B(A1,A)) + B(As, Z3) — B(A,Z) > 0
. Letsdeﬁne:y:%:% and l—y:%:%
* Then: Qf = u, A%/ (1 2B (1 y)2/3) ¥ u, Ast (1 B (1 y)5/3>
* Maximum energy released when %ny =0
%ny _ §USA2/3 (_y—1/3 T (1 y)z/s) I guCAle?, (—y2/3 (1 y)2/3) — 0

occurs when y=1/2
2

A1/3
* Example: for 238U, Q=200 MeV  ~ 10° x energy released in chemical reaction

sym

* For symmetric fission (y=1/2), the energy released is Q" = 0.37u,

— 0.26u,A%/?
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3.5 Nucleus deformation

Investigate the simblest deformation of the nucleus: ellinsoid shape

Ecl a=R(l+¢) e<< ]
/8

b=R(I+¢)"”

>

: . . 4 4
The volume term is unchanged (incompressible matter): V = §7TR3 = §7T“b2
2
Change in surface term: Bsut = —usA*? = —u A*(1 4 552))
: Z* 72 1
Change in coulomb term: Beou = ~te 7735 = —ucm(l -~ 552)

No changes if the asymmetry an pairing term.

.. 2 1 7?2
Binding energy of a deformed nucleus: Byt = Bspn — gUSEQAQ/g + —uce?

5 Al/3
A deformed shape is more stable than a spherical one if:

7%  2a,
B e > BS : . >

~ 47

cf fission criteria
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3.6- Neutron star

Let’s describe a neutron star (mass M, radius R ), as a BIG nucleus
containing only neutrons (A neutrons)
©>M=Am_ andR =r,AY3

3GM?

The self gravitational energy is: E; = —=

The gravitational binding energy is:
3Gm2

Bg = +ugA®? with ug = = — 5.74 10737 MeV

To

negligible for A~ 100

For larger value of A, this term become sizable and the surface term is
negligible versus the volume term. Asking for the overall stability of the

star (B, +Bg.,>0) gives:

3/2
A > (2222 ) 77 = 4.910%
Corresponding to:

M = Apin X my, = 8.2 1028 kg = 0.04 Myoleil
R = roAl/S =44km=206 10_6 Rsoleil

min
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