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Introduction

The non-relativistic case : the Pauli equation

e Preliminary remark on Pauli matrices :

0 1 0 -i 1 O
o7y of o o] o
if O, andO, are operators commuting with Breeuli matrices then
(66,)(6.6,)=06,0,+i5 (0,0,
« Applying the previous relation t® leads to :
(o)

2m

(6:P)(aP) = (5.ﬁ>)2 “P?—H =



Introduction

 Reminder (Pauli matrices properties) :
¢ {O-i’a-j} =20, [Ji ’Uj:| = 4A¢g,0,
* 0,0, =0 +1§,0,
- (0G,)(66,)=0,0,+i5(0,x0,)
- Ford unit vectord( #g0)y eigenfunction &fd
with eigenvaluex 1ly .

o -iga )= oot 3J-ian )



1- The non-relativigtic casge

To describe the particemotion in an E.M. field the covariant

derivative prescription leads to :
. . 0
o L pheen e, 170, — 170, +#eA

The Schédinger equation
19 0=
ot~ 2m

can be rewritten as
= \\2
(5.( B+ eA))

ih%—{'ty(i,t)+eA°¢/(7<,t): W(X,1)



1- The non-relativigtic casge

Using the Pauli matrices relation :

(ﬁ.(ﬁ+e,5\))2¢/ :(|5+eA)2¢+iﬁ.((ﬁ+ *)x(|5+ *))(/j

e The last term reads :




1- The non-relativigtic casge

Developing the last term :

( )
—elnEy, (BJR)‘)”"'A(EJQ”)"' Aj (ék‘/’) =
\ % )
_e|h§jk(éjA<)¢ =
—elh(ﬁx,&) W =



1- The non-relativigtic casge

 Finally the Pauli equation reads
- —\2
P+eA ~ eh ;o=\ ~

2m 2m

L0y
17 P (X,1)

where the wavefunction is a 2D object.
 The action of thepin operatois explicit.

» N.B.developing®+eA leadstoB . Onesgee complete
equation through the substitutian—, [ +2S withS=24g



2- The Dirac equation

 (Generalization to the relativistic case : the stgrpoint is always
E2 — p>2c2+ m2C4
which is the only covariant form for the canonigabntization :

:(ihat)2 —(5.|5)2J¢/(7<,t) = My (X,t)

170, +ind.0||ind, ~ina D | = iy

o Let's take auxiliary variables :

WO =y

W :%['hat ~ing 0 |y



2- The Dirac equation

e The following system
[ino, —ing0
)L _

in0, +ing.C

IS equivalent to

1 — 2
2 — 1

{ hog+ingOy=mp . {¢ =@ +y®

—-ind, x —ihg.Og =my

X = w(Z) _w(l)
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2- The Dirac equation

e In a matrix form this equation reads :

ind, ihg.0 (¢j:m(¢j
-ing.d -ind, )\ x X

ino, ihod)
[—ihﬁ.ﬁ ~ino, ]%D -
¥
with &, E(ﬂ =|%2
X) |
Yq
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2- The Dirac equation

e Gamma matrices definition :

yoz(l Oj:yoandr/:(o Jij=-17i

0 - -g 0

e Basic properties :
{y'.v}=yy +yy =20"
(yo)2 =1 and(y‘)2 =-1
vy =yt

e “SlasH notation : A= aﬂyﬂ
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2- The Dirac equation

The previous matrix equation writes :

ino, ihg.0 |
t py\_ (P) _.[.0 _
(—ihﬁ.ﬁ —ihatJ[)(j_mE)(j 'h(y 60+ylai)w i

(iy0,—mjy =0 Dirac Equation

In detalils :

D A(ih(yﬂ)abaﬂ—rrﬁab)wbzo

£4=01,2,3=1,2,3,
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3- Adjoint repregentation

o Let's start from théconjugaté equation :

(iny*a, ~m)y =0= ¢ (iny*'d,, +m) =0

e Using the gamma matrices property”’ = y°y*y° one gets
W' (iny°yy%8, +my%y®) =0
W'y (iny'yD,+my®) =0 < &y°)
gﬁ(ihy”éﬂ + m) =0 where@ =¢/y°
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3- Adjoint repregentation

*  One defines thadjoint spinor @ =¢'y°

 The conjugate equations read therefore :

(ihy"aﬂ —m)w =0
and

tﬁ(ihy"éﬂ + m) =0

 Reminder : spinless case (K.G.)

0“0 g +m’y =0
and

0“0 4" +nty =0
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4- Quadri-current

Formal derivation possibilities :
- directly from the fundamental and adjoint repreagons or

- from the Lagrangian expressi@hgauge invariance (looking
for the current coupling to the gauge field)

Question : is the Born probabilistic interpretatmrssible in the
Dirac case (i.e. Is the charge density positivieeganterpreted as a
probability density?).

Reminder : not the case In the spinless case wisgi&ine energy
solutions and negative charge density should haea b
re-interpretated.

_ i (p.X—Et)/h _ 2
W(X) = Ne = p=2IN|"x E
>0 or O<
16



4- Quadri-current

Direct derivation : (ihy”@ —m)t,U:O
5 N
zﬁ(ihy”aﬂ+m):o
wyﬂ(éﬁaﬂ)w:o o aﬂ(wyﬂw):o

« Conserved current:J* = c(t,ﬁy”tﬂ)

 Conserved charge density p = J% =gy =y yyy

=1

Sp=yy= > Yyy,>0

a=1,2,3,4
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4- Quadri-current

Derivation from gauge invariance:
» Lagrangian of free particles £/, :gﬁ(iyﬂaﬂ - m)t//

e U(1) invariance=» use of covariant derivatives :
& =@(iy*D,—m)y

cﬁ(iy"(aﬂ +ieAﬂ) —m)w

@(iy*a, ~m)y —egy'y A,

LJJ# "~

where the interaction term appears on the fordp A"
as for spinless particles.
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6- Dirac spinors

Free particle solutions.

By analogy with the non-relativistic case we mayeva general
spin¥ wavefunction in terms of factorized solutions :

Y =ux (plane wavé
=uxexpEip“x, )=ux expgipx
— U( p)e[i(r).x—Et)]

whereu is a 4-componentspinor,

e The explicit expression of the spinor is more eagdguced from
the Hamiltonian formalism of the Dirac equation
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6- Dirac spinors

e The solution to the Dirac equation may be written a

(ou, )
U=N,| &.p .
\E+m ")

1 0
whereu, Is a 2D spinorsu, = (Oj oru, = (J

e TheE- prelation reads :

(0.p)(F.p)u, = p’u, = (E-m)(E+m)u, = E =*E
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6- Dirac spinors

Summary

 Positive-energy solutions : ( S \
YA =T e ™ u (D) 0| ap
| | \E+m’
 Negative-energy solutions : ( GF (S)\

W0 =V p) v ) 0| E+m”
CoXT

with the spin-up/down 2D spino@x(szl):[éj andg x> :E(l)j

« Warning on spin direction : negative-energy solutiath spin+ =
positive-energy solution with spin-

21



6- Dirac spinors

 Dirac equation imp-space :

(v*p, ~m)u(p) =0
(P, +m)v(p) =0
e Adjoint spinors (same procedure as in x-space) :
a(p)(y*p,-m)=0
v(p)(y“p,+m)=0

e Ortho-normalization relations :

T (U (p) =0 VI (PIVT(P) =0
a®(pv(p)=0 v (pu*(p)=0

22



6- Dirac spinors

Some useful relations :

2, u®(p)u®(p)=(p+m)

s=1,2

> VO (pWVE(p)=(p-m)

s=1,2

 ‘Energy projectors :

+m

/\+:(p2 )suchas’\+u:u ang,v=
m

/\_:( 2 )such ad\ v=v anfl u=
m

AZ=A, andA\, +A_=1
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6- Feynman's prescription

Summary

- negative probabilities
Klein-Gordon equation |

| hegative energies

- positive (only) probabillities
Dirac equation=>» -

| hegative energies

Dirac’s historical interpretation : tHeacuum state consists of all
negative-energy states filled with electrons. ThalPprinciple
forbids any positive-energy electron from fallimga these lower
energy states. 2



6- Feynman's prescription

The‘vacuum (so-called Dirac sea) ¢ .

has now infinite negative charge ' Pasitive - energy
. continuum £2 m

and energy but all observations reg *"

sent finite fluctuations w.r.t. the

vacuum.

Negative- energy
continuum £€-m

A ‘hol€ in the Dirac sea, I.e. the absence of a negatieeggn

electron is equivalent to the presence of a p@skiivergy

positively charged version of the electron, nanaepositron.
energy of 'hole' :(-Eneg) — positive ener

charge of 'hole' =(¢,) - positive charge s



6- Feynman's prescription

What about solutions to the Klein-Gordon equatioospns not
affected by Pauli principle)?

Interpretation through Feynmarprescription (1962) -

negative-energy particle solutions propagating nacl in time=
positive-energy antiparticle solutions propagafmmvard in time

T ———— Scattering f,
cenfres

In NROM To be added in RQOM

26




6- Feynman's prescription

Consequence of the Feynman prescription :

Potential absorbs
r*m pair at f, n" proceeds into
\ the future

T arrives
from the past

Potential creates
** 1 pair at A
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Summary

Relativistic propagation equations derived fromrggalefinition
law => Klein-Gordon (bosons) and Dirac (fermions)

Gauge invariance imposed to the theory => existehcenserved
currents coupled to gauge fields (e.g. photon& My

From classical to quantum field theory : fields eperators

Lagrangian formalism widely used.
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