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Introduction

The non-relativistic case : the Pauli equation

e Preliminary remark on Pauli matrices :

0 1 0 - 1 O
— O, = O, =
“7l1 o) 27l o) P lo a1
If 61 and (52 are operators commuting with the Pauli matrices then
(66,)(6.0,)=0,0, +i5.(0,xG, )
Applying the previous relation to P leads to :

(65)(:F)=(65) =" = H - (5P)
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Introduction

 Reminder (Pauli matrices properties) :
. {Gi,Gj} = 20; |:Gi,6j:| =2lg; 0,
® 0,0, =0; +lg; 0,

-(&.6 )(&.6 ) 0,0,

+lo (6 52)
e For U unit vector $(1+6.0) y eigenfunction of 5.0

with eigenvalue £1 Vy

o )l ) v



1- The non-relativigtic cage

To describe the particle’s motion in an E.M. field the covariant
derivative prescription leads to :

70, — iho, +eA’

p“ — p“ +eA” lLe. .
Pp—> p+eA

The Schrodinger equation

a‘/’ w1 —Zp—zw(x t

can be rewritten as

a‘/’ — (%) +eA% (%,1) = (q'(PZ;eA))

w(X,1)



1- The non-relativigtic cage

Using the Pauli matrices relation :

(&.(I3+e,5\))2¢// :(I5+e,5\)2w+i&.((l3+e,5\)x(ls+eﬁ\))w

The last term reads :

—

((I5+e,&)x(l3+e5\))_w:e(l5xﬂ + Ax q)
A +AP )w
= —€ ihgijk(éjﬁy +Aj5k)t//

:egw(ﬂ



1- The non-relativigtic cage

 Developing the last term :

/ )

—eing, | (0,A)W +:Kk (5jw)+ A (ékl//) —
. -0 J

—e Ihg,jk(éjﬁa()ﬁ” =

—e |h(§>< A)i Y =



1- The non-relativigtic cage

* Finally the Pauli equation reads

= —\2
P+eA _
( ;Z ) w(X, t)—%@ B)W(X’,t)—ert//(Kt)

oy ,_
h—(X,t) =
at( )

where the wavefunction is a 2D object.
 The action of the spin operator is explicit.

- N.B. developing P +eA leads to L.B. One gets the complete
equation through the substitution L — L +2S with S = Lo



2-The Dirac equation

« Generalization to the relativistic case : the starting point is always
EZ _ p>2C2 + m2C4
which is the only covariant form for the canonical quantization :

:(ihat)2 —(&.IS)Z}W(X,t) ~ My (%.1)

170, +ihG.V || ih0, GV |y =m’y

o Let’s take auxiliary variables :
y =y

' = %[ih@t — ih&ﬁ]z//



2-The Dirac equation

« The followmg system
Ih8 —ihGV |

|7sz8t +ihGV |

IS equivalent to

L4

L4

70,0 +1hG.V y =me

{—ih@tz —ihGVp=my

(1) (2)

_ml//

(2) (1)

_m[//

_ ¢:Wm+wm
with - "
X=Y "~y
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2-The Dirac equation

In a matrix form this equation reads :

ino, ihéV\( e _ (9
-ingV —ino, \ x Z

( ino, GV
=

— 4D:m 4D
inG¥V —ihat]‘” ’

with V.o

Il
7~ N\
NS
N—

|l
e
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2-The Dirac equation

Gamma matrices definition :

o[t %, anayi=| O o
}/_O _1 7/0 7/_—Ji O

Basic properties :
iy b =p"y + 'yt =29
(7/0)2 =1and (yi )2 =-1
y =y

“Slash” notation : @=2a,7"
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2-The Dirac equation

The previous matrix equation writes :

in0, iheéV .
_ t _ v =m v <:>ih(708 +7/|8.)w=mw
—ihoV —|h@t ¥ ¥ 0 '

(iy*0,—m)y =0 Dirac Equation

In detalils :

>y (in(y*),0,-ms, =0

1=0.1,2,3b=1,2,3,4
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3- Adjoint repregentation

o Let’s start from the “conjugate” equation :

(ih;/"ﬁﬂ—m)n//:O:>l//T(ih7/”T5ﬂ+m):O
e Using the gamma matrices property : 7*' = °»*7° one gets
T (s 0. u, 0~ 0.0\ __
14 (Ih)/ y 'y 0, +myy )—O

w'y(iny"7°0,+my°) =0 « (xr°)
c,?(ihy“éﬂ + m) =0 where| iy =y 'y°




3- Adjoint repregentation

One defines the adjoint spinor 7 = 'y°

The conjugate equations read therefore :
(ih;/“(?ﬂ — m)w =0
and
W(ihy"éﬂ + m) =0

Reminder : spinless case (K.G.)
0"0 y + m’y =0

and

8“8ﬂw* +miy =0
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4%- Quadri-current

Formal derivation possibilities :
- directly from the fundamental and adjoint representations or

- from the Lagrangian expression @ gauge invariance (looking
for the current coupling to the gauge field)

Question : is the Born probabilistic interpretation possible in the
Dirac case (1.e. 1s the charge density positive to be interpreted as a
probability density?).

Reminder : not the case in the spinless case where negative energy
solutions and negative charge density should have been
re-interpretated.

i(p.X—Et)/h

:>,0=2‘N‘2>< E

>0 or 0<

w(X) = Ne

16



4%- Quadri-current

Direct derivation : (ihy“@ —m)w=0
y7i

g?(ih}/“éﬂ +m):0 ?

177/“(5#+8#)W:O<:>8ﬂ(g77/“w) 0

 Conserved current : |J* = C(giy”t//)

0
o Conserved charge density : p = J% =wy'w =y ¥’y
—

=1

=p=yly= Y wy,>0

a=1,2,3,4



4%- Quadri-current

Derivation from gauge invariance :

* Lagrangian of free particles: L .. = :,F(iy“(?ﬂ — m)w

 U(1) invariance =» use of covariant derivatives :

L :W(iyﬂDy —m)w

ocJ H \

where the interaction term appears on the form
as for spinless particles.

- A
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8- Dirac gpinors

Free particle solutions.

« By analogy with the non-relativistic case we may write a general
spin-% wavefunction in terms of factorized solutions :

y = U x(plane wave)
= Uxexp(—1p“x,) = uxexp(-ipx)
— u( p)e[i(ﬁ.K—Et)]

where u Is a 4-components spinor.

o The explicit expression of the spinor is more easily deduced from
the Hamiltonian formalism of the Dirac equation...

19



8- Dirac gpinors

« The solution to the Dirac equation may be written as :
( )

uA
u:Np G.p

u
\E+m A/

1 0
where u, Is a 2D spinors u, = (Oj oru, = (J

« TheE - prelation reads :

(6.p)(&.p)u, = p°u, =(E—m)(E+m)u, =|E =




8- Dirac gpinors

Summary.

* Positive-energy solutions : ( o )
W(+)(s=1,2)(x)Eu(s=1,2)(p)e[—npx] u® (p) o G
\E+m y,

* Negative-energy solutions : Lo
| (6P

y D) =vE I (p)e ™ vO(p)oc| E+m

\ P

i ; . (s=1) — 1 (s=2) — 0
with the spin-up/down 2D spinors ¢, y**== 0 and ¢,y "= 1

« \Warning on spin direction : negative-energy solution with spin-T =
positive-energy solution with spin-4
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8- Dirac gpinors

Dirac equation in p-space :

(7p, —m)u(p)=0
(7*p,+m)v(p)=0
Adjoint spinors (same procedure as in x-space) :
a(p)(»*p,—m)=0
v(p)(r*p,+m)=0

Ortho-normalization relations :

o (pu(p) =06, T (p)v*(p)=-5,

0 (pv(p)=0 V¥ (p)u®(p)=0
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8- Dirac gpinors

Some useful relations :

> u®(p)u®(p)=(p+m)

s=1,2

D VvE (P (p)=(p—m)

s=1,2

‘Energy’ projectors :

_(p+m)

A, = 5 suchas A,u=uand A ,v=0
m
—p+m
A_:( 2 )suchasA_v:vandA_u:O
m

A2=A,and A, +A_=1
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6- Feynmans prescription

Summary.

' negative probabilities
Klein-Gordon equation =» {

| negative energies

- positive (only) probabilities
Dirac equation =»

| negative energies

Dirac’s historical interpretation : the ‘vacuum’ state consists of all
negative-energy states filled with electrons. The Pauli principle
forbids any positive-energy electron from falling into these lower
energy states. 24



6- Feynmans prescription

The ‘vacuum’ (so-called Dirac sea) d

has now infinite negative charge ' Positive- energy
. confinuum £2 m

and energy but all observations repre- *~

sent finite fluctuations w.r.t. the

vacuum.

Negative- energy
continuum £%-m

A ‘hole’ in the Dirac sea, I.e. the absence of a negative-energy

electron is equivalent to the presence of a positive-energy

positively charged version of the electron, namely a positron.
energy of 'hole' = -(E,, ) — positive energy

charge of 'hole' = -(q, ) — positive charge 25



6- Feynmans prescription

What about solutions to the Klein-Gordon equation (bosons not
affected by Pauli principle)?

Interpretation through Feynman’s prescription (1962) :

negative-energy particle solutions propagating backward in time L
positive-energy antiparticle solutions propagating forward in time

T ———— Stattering f, 4
cenfres

In NRQM To be added in RQM

26




6- Feynmans prescription

Consequence of the Feynman prescription :

Paotential absorbs
N1 pair at £, T proceeds into
\ the future
Tt'i'
T arrives ,
from the past Potenfial creates

TN pair at A

27




Summary

Relativistic propagation equations derived from energy definition
law => Klein-Gordon (bosons) and Dirac (fermions)

Gauge Invariance imposed to the theory => existence of conserved
currents coupled to gauge fields (e.g. photons for EM)

From classical to quantum field theory : fields => operators

Lagrangian formalism widely used.

28
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