Master of Physics ENS Lyon
Year 2010-2011

Particle Physics

‘Dirac equation: spinors, v matrices, helicity, chirality

1 / Write down a simplified form of the Dirac equation for a spinor W(t) describing a particle of
mass m at rest. For the standard Pauli-Dirac representation of the v matrices, obtain a differential
equation for each component ; of the spinor ¥, and hence write down a general solution for the
evolution of W.

2 / For the standard Pauli-Dirac representation of the v matrices, and for an arbitrary pair of
spinors ¥ and ® with components v; et ¢;

a- Calculate the components of the quadricurrent Uy#® (as a function of v; et ¢;).

b- For a particle or antiparticle with four-momentum p# = (E, p,,py, p-), show that
ury ur = upyHug = vyt = vaytug = 2p”

and that
ury ug =y = viyFue = oyt =0

c- Hence show that the current j* = W~H*® corresponding to a general free particle spinor
U(p) = u(p)e'P™EY or antiparticle spinor ¥(p) = v(p)e P F1 is given by j# = 2p*. Write
down the particle density and flux represented by j#, and show that they are consistent.

3 / Calculate, in the helicity basis, the positive energy spinor for an electron with momentum
p= (psinf,0,pcosb).

4 / Show that A = p(;—mm and A_ = —g;;m are the projectors on positive and negative energy
state.

5 / Show the completeness relations :

> ulp,s)u(p,s) =p+m

S
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6 / show that the chirality eigenstates are identical to the helicity eigenstates for a massless spin
1/2 particle with energy E



7 / Show that W y#Wx = Wry"*¥, = 0 and that the current j* = W~*W¥ can be written

UMl = U AH 0 4+ UpyH g

8 / In the framework of the Dirac equation, show that:
a- [H,L) = —id x
b- [H,S]=2axp

¢- What about L + %/2 ? conclusions ?



